Abstract. A generalization of Schm udgen's Positivstellensatz is given which holds for any basic closed semialgebraic set in R n (compact or not). The proof is an extension of W ormann's proof. In 11], Schm udgen proves, for K compact and f 2 R V ], f > 0 on K ) f 2 T or, equivalently, f 0 on K i f + 2 T for any rational > 0:
The Positivstellensatz, proved by G. Stengle in 12] , is a standard tool in real algebraic geometry; see 2] 5] 7]. In his solution of the K-moment problem in 11], Schm udgen proves a surprisingly strong version of the Positivstellensatz in the compact case. Schm udgen's result has since been extended and improved in various ways; see 1] 4] 6] 9] 10]. In the present paper we describe an extension in another direction, to the non-compact case.
Let V be an algebraic set in R n . The coordinate ring R V ] of V is the ring of all polynomial functions f : V ! R. R V ] is generated as an R-algebra by x 1 ; :::; x n where x i : V ! R denotes the i-th coordinate function. For any nite subset S = ff 1 ; :::; f r g of R V ], let K = K S be the basic closed semialgebraic set in V de ned by the r inequalities f i 0, i = 1; :::; r, i.e., K = fa 2 V j f i (a) 0; i = 1; :::; rg and let T = T S denote the preordering of R V ] generated by f 1 ; :::; f r , i.e., the set of all functions of the form f = P e s e f e We refer to this latter result as the archimedean Positivstellensatz. Schm udgen's proof uses methods from functional analysis. In 13] 14] W ormann gives an algebraic proof. As one might expect, both proofs rely heavily on the Positivstellensatz.
As is well-known, the Positivstellensatz remains true with R replaced by an arbitrary real closed eld. This is not true for the archimedean Positivstellensatz. On the other hand, it is possible to extend the archimedean Positivstellensatz so as to include the case where K is not compact. This is the content of the present paper.
The idea is to replace the constant function 1 by any function p 2 1 The Author wishes to thank C. Andradas and E. Becker, for looking at early versions of the paper, and for providing useful comments.
1. Extension of a result of W ormann. Proof. By Tarski's Transfer Principle (e.g., see 5]), since the inequality Mp k x i holds on the set K S , it holds on the bigger set Sper T (A).
1.5 Note.
(1) Such an element p always exists, e.g., take
(2) Depending on the nature of Sper T (A), there may be a \better" choice for p. For example:
If each x i is 0 on Sper T (A) and P x i ? 1 2 T, we can take p = P x i .
If each x i is bounded on Sper T (A), we can take p = 1. If T = T S , the preordering generated by some nite set S in A, this is just the set K S considered at the beginning. The part of the Kadison-Dubois Theorem that we work with is the following: 2.1 Theorem. Suppose T is a preprime of A which is Archimedean, i.e., for each f 2 A, there exists an integer M 0 such that M f 2 T. Then, for any f 2 A, the following are equivalent:
(1) (f) 0 for each 2 X(T). (2) f + 2 T for each rational > 0.
Proof. See 3].
We use a certain self-strengthening of Theorem 2. Proof. (2) ) (1) is clear, and (2) , (3) is immediate from Corollary 3.1, so it only remains to check (1) ) (2 3.3 Remark. Corollary 1.4 carries over, suitably generalized, to an arbitrary real closed eld R. The results in Section 3 cannot be so extended (unless R is archimedean) because they depend, in an essential way, on the Kadison-Dubois Theorem. The Kadison-Dubois Theorem tells only about the meaning of the statement`f 0' on X (T). In the non-archimedean situation, X (T) = ;, so this has nothing much to do with the basic closed set K .
